The method of Greenwood and Williamson is extended to obtain a solution to the coupled non-linear problem of steady-state electrical and thermal conduction across a crack in a conductive layer, for which the electrical resistivity and thermal conductivity are functions of temperature. The problem can be decomposed into the solution of a pair of non-linear algebraic equations involving boundary values and material properties. The new mixed-boundary value problem given from the thermal and electrical boundary conditions for the crack in the conductive layer is reduced in order to solve a singular integral equation of the first kind, the solution of which can be expressed in terms of the product of a series of the Chebyshev polynomials and their weight function. The non-existence of the solution for an infinite conductor in electrical and thermal conduction is shown. Numerical results are given showing the temperature field around the crack.
Introduction
Analysis and prediction of the electrical and thermal behaviour of materials in electrical and thermal conduction is a problem of considerable technical importance, with applications in integrity assessment of microelectronic devices (Saka and Abe 1992) .
For high-frequency applications of power transistors (Olsson 2001 , Raman et al 2003 such as telecommunication circuits, lateral surface effect devices are susceptible to hot-carrier currents that induce several breakdown mechanisms.
The devices usually exhibit thermal problems coupling with the electrical non-equilibrium. Therefore thermal simulations of metal oxide semiconductors which may have flaws within the conductors are crucial for accurate estimates of device performance.
In general, the current flow in conductors induces Joule heating by electrical resistivity of the conductor leading to the generation of heat. In addition, the electrical resistivity can cause high local temperatures at or near the tip of cracks in the materials. Furthermore, the electrical resistivity generally increases quite significantly with temperature, causing nonlinear coupling between the electrical and thermal problems and, in some cases, leading to localization instabilities. These effects aggravate the thermal stress which is caused by the electrical and thermal conduction.
Electrical flow problems in which the resistivities vary with temperature are generally intractable.
However, Kohlrausch (1900) has shown that the equipotential surfaces and the isothermal surfaces in a conductor will coincide in the steady-state, leading to a one-to-one relation between temperature and potential, as long as the current enters and leaves the conductor through two equipotential isothermal surfaces and the remaining boundaries of the conductor are thermally and electrically insulated. Greenwood and Williamson (1958) applied Kohlrausch's results and additional results of Diesselhorst (1900) to the problem in which an electric current is conducted through a single circular contact area between two large conductors of similar materials with temperature-dependent properties. However, they considered only the case where the temperatures of the two bodies distant from the interface are equal and hence where the maximum temperature, by symmetry, occurs at the interfacial plane. The more general case where the boundary temperatures are dissimilar was recently treated by Fournet (1997) , including the situation wherein the temperature varies monotonically through the bodies so that the maximum temperature isotherm does not occur within the bodies. Recently, Jang et al (1998) have extended the method of Greenwood and Williamson to give a general solution to the coupled non-linear problem of steady-state electrical and thermal conduction across an interface between two conductors of dissimilar materials, solving a problem involving single and multiple contact areas between dissimilar half spaces. For conductors subjected to electrical and thermal loading, Saka and Abe (1992) have analysed steady temperature distribution near the tip of a crack for a conductor with a constant material property owing to the electrical and thermal loadings. Especially, Wang et al (2003) has given analytical solutions for the electrical and thermal conduction near the tip of a crack with a constant flux boundary condition at an infinite region. However, the solution in the infinite conductor may not exist for the electrical and thermal conduction with temperature-dependent material properties. In practical applications to power transistors explained earlier, it is well known that the geometry in question is a finite layer at least in one direction. Thus we will focus on the finite conductive layer containing a crack.
In this paper, we shall extend the methods of Greenwood and Williamson to the problem of steady-state electrical and thermal conduction across a crack within a conductor, for which the electrical resistivity and thermal conductivity can be fairly general functions of temperature. We will demonstrate that the problem can be decomposed into the solution of a pair of non-linear algebraic equations involving boundary values and material properties. To perform the mixed-boundary value problem of a crack in a conductive layer, we show that the problem is reduced to solving a singular integral equation of the first kind, the solution of which can be expressed in terms of the product of a series of the Chebyshev polynomials and their weight functions. For an infinite conductor which has temperature-dependent material properties, we show the nonexistence of the solution. Finally, as a numerical example, we present temperature distributions in a finite layer owing to electrical and thermal loading.
Theory of electrically heated body
Consider a body, , of a single material where an electric current flows. We assume that current enters and leaves through two equipotential and isothermal surfaces S 1 , S 2 at (φ 1 , θ 1 ) and (φ 2 , θ 2 ), respectively, i.e.
where r denotes a variable for position in , and the remaining surfaces S 0 being thermally and electrically insulated as as shown in figure 1. Ohm's law of electrical conduction requires that the current density
where φ is the electrical potential and ρ is the electrical resistivity. Kirchoff's law then requires that
Fourier's law of thermal conduction is
where q is the heat flux vector, θ is temperature and λ is the thermal conductivity. The resistive losses in the material lead to the generation of heat q = |J| 2 ρ per unit volume in the medium, and the steady-state heat conduction equation then requires that the heat generated per unit volume
2.1. The relation between temperature and potential Greenwood and Williamson (1958) have shown that in this electric and thermal conduction there is a unique relation between temperature and potential throughout which can be written in the simple form
where θ m is the maximum temperature, and we have adopted the convention that the zero of potential is taken at the point where θ = θ m . With this convention, the isotherm θ = θ m separates into two parts, in one of which the positive sign is taken in equation (8), the negative sign being taken in the other part. Circumstances can arise in which the temperature varies monotonically through the body and hence in which the maximum of temperature does not occur within the body. Problems of this kind can be treated by considering to be part of some larger fictitious body in which θ m occurs. To determine which of these cases occurs, we first define the quantity
where U = (φ 1 − φ 2 ) is the potential difference. We can then write
and, multiplying these expressions, we have
It follows that if U 4 > X 2 , φ 1 φ 2 < 0, then the maximum temperature isotherm lies within , whereas if U 4 < X 2 , φ 1 φ 2 > 0, the temperature varies monotonically through . These conditions are elucidated more clearly as follows. If U 4 > X 2 , φ 1 φ 2 < 0, there should be positive and negative potentials at the boundaries. Thus, the location of the zero potential where the maximum temperature occurs should be within . The other condition, U 4 < X 2 , φ 1 φ 2 > 0, implies that the maximum temperature occurs outside the body if we take a fictitious body, meaning that the temperature varies monotonically through the body.
In a practical problem, the temperatures θ 1 , θ 2 and the potential difference U will be known. We can choose to label the boundaries S 1 , S 2 such that θ 2 > θ 1 without loss of generality. It then follows from equation (8) that |φ 1 | > |φ 2 | and it can be shown that the appropriate signs to take in equation (8) are then
where sgn(x) is the signum function which equals 1 for x > 0 and −1 for x < 0. Substituting these results into the equation U = φ 1 − φ 2 and simplifying, we obtain the non-linear equation
λρ dθ (15) for the maximum temperature θ m . From equation (15),
Squaring both sides of this equation, we have
Squaring both sides again,
The right-hand side depends only on θ 1 , θ 2 , U and is always positive, while the left-hand side is a positive monotonic function θ m varying from zero at θ m = θ 1 to infinity 1 as θ m → ∞. It follows that there is a unique solution for θ m for any material and any value of θ 1 , θ 2 , U.
Determination of the spatial distribution of temperature and potential
Following Greenwood and Williamson (1958) , the function ψ is defined such that
where
The specific expression for the function ψ is shown as
Notice that with this definition, the zero of ψ is set to correspond with the isotherm θ = θ m and the sign of ψ is set to be the same as that of φ, which is determined by the procedure of the section 2.1. In particular, the values of ψ on S 1 , S 2 are
respectively, from equations (13) and (14). These results reduce the problem to the determination of a harmonic function ψ to satisfy the boundary conditions (23) and (24) on S 1 , S 2 and the insulation condition ∂ψ/dn = 0 on the remaining surfaces of . Once ψ(r) is known as a function of position r, the corresponding temperature θ can be recovered by inverting equation (22). In addition, this analysis can cover a three-dimensional geometry if we can find the function ψ to satisfy the boundary conditions and the insulation condition.
A major advantage of this result is that the nonlinear boundary value problem in the electrical and thermal conduction problem representing the temperature and the electrical potential can be solved with regard to the boundary value problem of the function ψ in which the boundary values are expressed by the term ψ.
Non-existence of solution in an infinite conductor
The general perturbation problem of the electrical or thermal field in a medium which conducts an electrical current or heat owing to a small hole or a crack is usually solved by a constant flux boundary condition at the infinite region (Wang et al 2003) . This may lead to a problem in the electrical and thermal conduction.
For a finite conductor, the potential problem has a solution with the boundaries at potential +U/2 and −U/2. For the contact of two half planes through a finite contact area, there is also a solution of this form. However, for an infinite conductor, there is no such solution. Considering just the linear conduction problem, we can write
where y is the one-dimensional coordinate. With J constant, this leads to U → ±∞ at y → ∓∞. This does not cause any problem for the linear electrical conduction with constant properties, since we can focus on the finite domain and discuss the relation simply between current and potential gradient. However, it causes problems for the linear electrical and thermal problem. It might help to think first of a finite square plate conducting electricity between y = δ and y = −δ, with the edges x = ±δ being insulated. Equation (25) is still valid and the potential on the boundaries is ∓ρJ δ. Clearly we can normalize this to ∓1, giving
but we cannot let δ → ∞, since the resulting function would then be zero in the finite domain. Suppose the temperature at the boundaries are both zero and the current density J is fixed. In the linear case, the heat generation rate is ρJ 2 per unit volume and the temperature distribution is
with the maximum temperature being ρJ 2 δ 2 /2λ at y = 0. Clearly this goes to infinity as δ → ∞. Making the properties temperature-dependent will probably increase the maximum temperature, but the overall effect is similar.
A crack analysis in a conductive layer
When a uniform heat or current flow is disturbed by the presence of geometric discontinuities such as cracks or flaws, there is a local intensification of the temperature gradient or the electrical potential gradient. The temperature and the electrical potential are expected to be discontinuous over the crack but the normal derivative of these quantities along the crack are continuous. The functions of the temperature or the electrical potential will have singularities of the form √r near the crack tips, wherer denotes distance to the crack tip in twodimensional space. Since the electric and heat flux will have a 1/ √r singularity, the Ohmic heating near the crack tip can be a problem. This study will explore this effect.
Consider a problem of a layer containing a line crack of length 2a, as shown in figure 2. The geometry and the subsequent results are specific to the two-dimensional x-y plane. The layer has the thickness of h = h 1 + h 2 . The equipotential and isothermal surfaces S u and S l in the layer are maintained at temperature θ u , potential φ u and θ l , φ l , respectively. The surface of the crack is assumed to be insulated. The layer is made up of material which has thermal conductivity λ and electrical resistivity ρ, all of which are functions of temperature. A potential difference U = φ u − φ l is applied between S u and S l and we wish to determine the resulting temperature and potential fields.
Electrical and thermal boundary conditions
To obtain a specific solution to the boundary value problem for the electrical and thermal conduction, a set of appropriate boundary conditions is applied. On the bounding surfaces S u of the layer, the temperature and electrical potential are prescribed as
The continuity conditions for the transverse heat flux and current density at the crack interface is imposed as
where the prefix +0/−0 denotes the common plane containing the crack approached from the upper/lower region of the layer. On the plane containing the crack, the mixed-boundary thermal and electrical boundary conditions are written as
Since the electrical and thermal conduction problem is reduced to the determination of a harmonic function ψ in equation (22), the set of boundary conditions (28)- (35) can be converted to the term of function ψ as
where ψ u , ψ l are
Thus, once ψ(x, y) is known as functions of position x and y from conditions (36)-(39), the corresponding temperature θ can be obtained by inverting equation (22).
Singular integral equation
For the mixed-boundary value problem, as proposed in equations (36) (42) where s is the Fourier variable, A j = A j (s), j = 1, 2 are the unknowns to be determined from the boundary conditions and i = √ −1. To provide the additional relation in formulating the mixboundary value problem, a flux-type auxilliary function is defined as
subjected to restrictions to ensure the continuity and singlevaluedness outside the crack:
Through the applications of equations (36), (37) and (43), the unknowns, A j , can be expressed in terms of the auxiliary function subjected to the restrictions in equations (44) and (45). Thus, from the mixed condition on the crack surfaces, equation (39), an integral equation for χ is obtained as 1 2π
where the kernel H (x, t) is expressed as
It is noted that F (s) and h(s) are the continuous smooth functions of s, along with the following asymptotic behaviour for large value of |s| such that
From the foregoing, it is then clear that the singularity of the kernel H (x, t) must be attributable to the asymptotic behaviour of its integrand as |s| → ∞. Upon separating the singular part, the kernel can be expressed as
where the integral on the right-hand side can be evaluated by employing the Fourier integral representation of a generalized function given as (Friedman 1969 )
and W (x, t) is the bounded Fredholm kernel defined as
Consequently, upon substituting equation (52) into (46), a singular integral equation of the first kind is derived as follows
Solutions of singular integral equation
Based on the fact that the solution of the integral equation can be obtained by utilizing some special functions defined in a unit interval, the independent variables, x and t, are normalized with respect to the half crack length such that
and the singular integral equation (55) is expressed as
It can be shown that the singular nature of the above integral equation is characterized by 1/ √ 1 − τ 2 (Muskhelishvili 1953) , which corresponds to the weight function of the Chebyshev polynomial of the first kind T n (τ ). The solution to the singular integral equation can thus be expressed in the form of an infinite series expansion as
where a n , (n 1) are the unknown constants to be determined. It should be mentioned that the series expression as given in equation (58) identically satisfies the compatibility conditions in equation (45). Subsequently, the integral equation can be reduced to a system of linear algebraic equations for a n .
Upon substituting equation (58) into (57) and using the formulae for T n (τ ) (Abramowita and Stegun 1965) given as
where U n (ξ ) is the Chebyshev polynomial of the second kind, the singularity of the integral equation is removed for equation (57) to be expressed as
By means of the orthogonality for U n (ξ ) given as
an infinite system of linear algebraic equations to determine a n is then obtained as
where Y kn and g k are expressed as
In practice, the series expansion in equation (58) is truncated after the first N terms to yield the N × N linear algebraic equations for the constants, a n , n = 1, 2, . . . , N. This number is to be large enough to give the solution with a certain degree of accuracy. For numerical illustration, the specific results are obtained based upon the twelve-term expansion of the Chebyshev polynomials to achieve the convergent solutions to a sufficient degree of accuracy. The Chebyshev-type integrals (cf equations (61), (65) and (66)) are evaluated by employing the Gauss-Chebyshev quadratures, while the improper integrals, equations (54) and (62) are evaluated by the Gauss-Legendre quadrature (Stroud and Secrest 1966) .
With the constant determined from equation (64), the values of the unknowns A j (s), j = 1, 2, in equation (42) can be evaluated in terms of the auxilliary function χ(τ ) in equation (58) . As a result, the full-field distribution of ψ inside the layer can be obtained. Once ψ(x, y) is known as a function of position, the corresponding temperature θ can be obtained by inverting equation (22). 
Numerical results
The distribution of temperature is obtained from equation (22) by performing two independent processes. The first treatment is to find the function ψ in terms of the location by using the mixed-boundary value problem of a crack in the layer. In this mixed-boundary value problem, if the temperature and electrical potential at the boundaries, θ u , θ l and |U | = |φ u − φ l |, respectively, are given, the unknowns A j , (j = 1, 2) in equation (42) are evaluated in terms of the auxiliary function χ(τ ), which is expressed in terms of coefficients a n of equation (58). Thus, if the coefficients a n are determined, the distribution of ψ can be obtained. The overall calculation can be achieved from the analysis of section 3. The second treatment is to find the function ψ as the generic expression for temperature by simply inverting the integration of equation (22). The material properties, ρ and λ, should be given as an explicit form.
To illustrate the use of the method, we consider the case where the layer is aluminium (λ = λ 0 = 240 W m
). The width of the crack length 2a are taken as h/a = 1.5 and h 1 = h 2 = h. The upper and lower boundary is set to θ u = 0 (˚C) and θ l = 100 (˚C), respectively.
The maximum temperature can be obtained from equation (15) or (19) . The function ψ is obtained from equation (22) as
Now if ψ(x, y) is known as a function of position with the aid of the analysis of section 3, the corresponding temperature θ can be recovered by inverting equation (67).
The isothermal contours are presented in figure 3 for |U | = 0.05 V and figure 4 for |U | = 0.12 V. These figures reflect the combined effects of geometric singularity around the tips of crack and the different Joule heating effect at every location in the electrical thermal conduction. At low potential difference, less than |U | = 0.05 V, the temperature of the locations far from the crack varies monotonically through the body. However, owing to the presence of the crack, the heat or current flow is disturbed, showing that the temperature is discontinuous over the crack and that the heat flux, the normal derivative of temperature, is continuous along the crack, leading to a local intensification of the temperature gradient at the crack tips. This disturbance of temperature is mainly due to the effect of geometric singularity. For high potential difference greater than |U | = 0.05 V, the maximum temperature which is greater than the temperatures at the two boundaries of θ u and θ l lies within the body owing to high Joule heating. The temperature is discontinuous over the crack and the local intensification of the temperature gradient is also shown at the tips of the crack. The temperature is disturbed mainly due to a geometric discontinuity and is changed by the the Joule heating at every location in the body.
To show the difference in temperature between the locations nearer and farther from the crack, the local temperature difference is shown in figure 5 for |U | = 0.12 V. This is another representation for figure 5. The temperature at the upper domain of the crack has a larger difference when compared with the lower domain of the crack. Near the tip of the crack, there is no temperature difference compared with the temperature far from the crack. Figure 6 shows the resulting through-the-thickness temperature distribution at x = 0 for various values of |U |. As expected, the temperature is shown to be discontinuous over the crack, leading to a local intensification of the temperature gradient at the tip of the crack. It is shown that as the electrical potential difference |U | increases, the magnitude of temperature discontinuities around the cracked region also increases. In addition, when the potential difference |U | is less than 0.05 V, the temperature varies linearly through the layer except the cracked region. This is because the Joule heating is very small owing to the low potential difference between two boundaries. However, the maximum temperature occurs in the layer after the potential difference |U | = 0.05 V. The location of the maximum temperature moves to the crack, leading to the high temperature at the crack.
Conclusion
We have demonstrated how the method of Greenwood and Williamson can be used to determine the steady-state temperature and potential field at a crack within a conductive layer with temperature-dependent electrical resistivity and thermal conductivity.
The non-linear problem decouples into the solution of a pair of non-linear algebraic equations involving the boundary values and the material properties. The new mixed-boundary value problem for a crack in the conductive layer is then formulated with respect to the harmonic function ψ. The problem is reduced to solving a singular integral equation of the first kind, the solution of which can be expressed in terms of the product of a series of the Chebyshev polynomials and their weight function. For an infinite conductor which has temperature-dependent material properties, the non-existence of a solution for the electrical and thermal conduction is shown.
Numerical results illustrate that increasing the electrical potential difference also increases the magnitude of temperature discontinuities around the cracked region. In addition, in the case of large Joule heating, the maximum temperature occurs through the layer and the location of maximum temperature moves to the crack temperature.
